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Abstract The misfit and coherent elastic energy caused
by w particles in f matrix is quantitatively calculated in
this study. First, the coherent strain matrixes for four w
variants are established including the misfit parameters
based on Khachaturyan’s theory. Then, the misfit and
coherent elastic energy in athermal f — w transition, and
isothermal ff — o transition are calculated, respectively.
The calculation results indicate that the coherent elastic
energy gets maximum value when xy;, = 0.08 (Nb content)
and gets minimum value when xy, = 0.1518 in quenching
Zr-Nb alloys, which are in fair agreement with experi-
mental results. For isothermal f —  transition, the misfit
and coherent elastic energy depend on composition and
aging temperature. The misfit caused by isothermal
phase is much larger than the one caused by athermal w
phase. This results in larger coherent elastic energy in
isothermal f§ — o transition. In addition, the misfit is
found as an approximate linear function of temperature and
composition for Zr-Nb alloys, and the coherent elastic
energy is revealed as an increasing function of |vg—vg| for
the two kinds of transition.

Introduction

The investigation of metastable o phase in Zr- and
Ti-based alloys is a subject of intense interest and activity,
which has been undertaken for more than fifty years.
Metastable o phase not only has the marked effect on the
mechanical and physical properties of materials directly,
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but also can affect mechanical properties indirectly by
playing a substantial role in « nucleation, which has hotly
been studied in recent years [1-3]. Two kinds of w phase,
athermal o phase and isothermal o phase, produced by
quenching from single f phase field and aging at low
temperature respectively, have been mainly investigated in
engineering materials during heat-treatment process. The
ordinary morphology of athermal w particles is ellipsoidal,
the size being about 5 nm in diameter. However, the
morphology of isothermal o particles exhibits ellipsoidal
(such as Zr—Nb) or cuboidal (such as Ti—Fe) determined by
lattice misfit, while the normal size is between 20 and
50 nm [4].

The transition mechanism of f phase with bcc structure
transforming to @ phase with hexagonal structure is thought
to be caused by (111) planes collapsing [4]. As shown in
Fig. 1, a pair of (222) planes collapses to the intermediate
position, and then, the ideal w phase with sixfold rotation
symmetry is produced. Once the collapse is incomplete, the
trigonal structure o phase is created. Based on the lattice
correspondence shown in Fig. 1, the lattice parameters of w
phase can be expressed as a, = V2ag, (co, = V/3/2)ay

The o phase precipitated in Zr- and Ti-based alloys has
been investigated deeply and widely discussed. However,
some important issues about @ phase and f — ® transition
have not been revealed, for example, why the athermal w
morphology so developed is ellipsoidal, rather than a plate-
like martensite? Which kind of energy determines the w
morphology, elastic energy, or interfacial energy? Why the
misfit between isothermal w phase and f-phase can change
the  morphology (from ellipsoidal to cuboidal)?

The coherency strain between o particle and f# matrix is
very important when answering these questions. Cook
calculated the elastic energy modulus of Zr-Nb alloys in
h-space first by means of defect force field theory [6].
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Fig. 1 Schemes of f — w transition, representing the collapse of the
(111) planes of the bcc structure; a the ABCABC... sequences of
atomic plane arrangements in f-lattice. b The planar arrangement of
(0001)w atomic planes in the ideal w-lattice [5]

Recently, on the basis of droplet model, Susan et al. cal-
culated the reciprocal elastic energy modulus when they
studied heterophasic fluctuations of incommensurate ®
phase in Cu—Zn system [7].

The misfit and coherent strain energy of o phase in the f
matrix are our primary concerns in this study. In order to
evaluate the effect of coherent elastic energy on growing
process of @ phase, we characterized the misfit by lattice
parameters (ag, a,, and c,) and then calculated the
coherent strain energy phenomenologically and quantita-
tively based on Khachaturyan’s theory in this article. In the
calculation model, two misfit parameters (vg and vs) and
four strain matrixes (corresponding to four variants) are
included.

Calculation model
Analytical expression of coherent elastic energy

As has been widely investigated, the athermal f —
transition only involves the “shuffle” process, and it is a
coherent phase transformation without volume change. The
strain energy function that is associated with phase trans-
formation in the stress-free state has been suggested by
Khachaturyan [8]. In Ref. [8], the stress-free strain tensors
sg(p) have been introduced, and the total elastic strain
energy counted from the stress-free state can be presented

as
Eelast = AE() + AErelax — AEO + Ehom + Eheter (l)

relax relax

where

AE, = ZVP’IUMSU )éu(P) (2)

@ Springer

| <

E?éi?x ) ZZ Aijaey(p)eg(q)wpwq 3)

3 ~ ~
BN = - 22 | s 0G0 @R 07,0
@)

In Egs. 1-4, AE, is the energy required to elastically
“squeeze” all the stress-free orientation variants of the w
phase back into their parent phase; E'S™ and EMY are the
energy reductions due to the macroscopic homogeneous
strain relaxation and local heterogeneous strain, respectively
[9]. V, = [0,(r)dV is the total volume of p-th kind phases,
and w, = V,/ V is the volume fraction of p-th orientation.
G;;(k) is the inverse tensor to (G’l)ij: Aigikicki. ép (k) is the
Fourier transform of the shape function 0,(r), which is equal
to unity inside an orientation, and to zero outside it.

Coherent strain matrix

The stress-free strain sg(p) for athermal f — o transition
can be obtained by assuming that the total elastic energy is
the sum of homogeneous isotropic strain in the {111}
planes and the strain along the (111)y.. directions. The
similar analysis method has been used by Khachaturyan [8]
to treat the strain caused by atom shuffling during trans-
formation process.

According to crystal lattice correspondence, the rela-
tionship between lattice parameters of w structure and f
structure is given by

V2 - ag — dy, V3. ag — 2c, (5)
The strain in the (111); is isotropic:

g = gy — \/E -ag _ agy
V2-ag  V2-q

Then, the invariant form of an isotropic strain in the (111)
plane can be written as

o) = 0105 — " M) (7)

)

-1 (6)

where e!''! is the unit vector normal to a (11 1) plane. The

strain value along the [111] direction normal to the (111)g
planes is given by

2Cm - \/§ sag 2C(n
\/§ -ag \/§ -ag
The invariant form of this strain is

85,-2) _ 8281[111] ~€j[-m] )

& = -1 (8)

From Egs. 7 and 9, the total strain is
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&ij(1) = 85‘1) + 35-2) — (55 — e .ej[-lll]) + epel .ej[-lll]
=105+ (&2 — €1)e; (11] e][“l]
Ao zcw g
- — 1|0+ _
(\/E'a/f ) ! <\/§-aﬂ \/j@)
i
~el[. ] .ej[ ] 0)
where ¢!l = (1//3,1/V3,1//3),
We assume v, _J%“ —1,and vp _jgcu _\/%,,a ysand

Vg are associated to fattice mismatch between p structure
and o structure, respectively. Then Eq. 10 can transform to

1
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As a consequence, the stress—free strain can be
expressed by Eq. 11 corresponding to the four variants,
while they are determined by the crystal lattice mismatch
between f and w.

Results and discussion
Database of lattice parameters for Zr—Nb alloys

The structure properties of o phase and f§ phase in Zr-Nb
alloys have been investigated systematically by Aurelio
et al [10-13]. Based on their research studies, an extensive
database with the lattice parameters of metastable phases

(o, @, P) in Zr-Nb alloys has been developed by direct
experiments (high-quality neutron-diffraction measure-
ments and Rietveld analysis) and “reference behavior”.

The available lattice parameters vs. at.% Nb (0 < xnp
< 1) content for athermal o and f introduced by quenching
can be described by expressions [10].

ag(xxp)[nm] = 0.35878(7) — 0.0288(3)xxp (12)
d(xxp) [nm] = 0.50380(1) — 0.0202(2)xxp (13)
Co(xnp)[nm] = 0.31360(1) — 0.0467(2)xxp (14)

The evolution of the lattice parameters vs. Nb content
and temperature of the w and f phases upon aging are
shown as follows [10]:

ap(xnb, T)[nm] = (0.35878(7) — 0.0288(3)xnp)
x exp[6.8(5) x 107(T — Tg) +1.0(2) x 10~(T? — T2)]
(15)
g (Xnb, T)[nm] =(0.5038(1) — 0.0202(2)xnp)
s (16)
x exp[7.9(4) x 107°(T — TRr)]
Co(Xnn, T)[nm] =(0.3136(1) — 0.0467(2)xxp) a7)
x exp[3.5(3) x 107(T — Tx)]

In Ref. [14], the elastic constants of Zr—Nb alloys were
treated as a linear function of composition by Yoshiaki
Toda et al.

Cii = (=114 - (1 — xxp) +2.07) x 10" Nm™ (18a)
Cia = (—0.591- (1 —xnp) + 1.34) x 10'' Nm™  (18b)
Cis = (0.581 - (1 — xnp) +2.89) x 10'°°Nm™2 (18c)

The calculation of coherent elastic energy in athermal
f — o transition

On the basis of lattice parameters database and elastic
constants expressions (Egs.12-14, 18), the coherent strain
energy produced in athermal ff — w transition is calcu-
lated quantitatively in this section. For athermal f —
transition, the misfit between athermal o phase and f
matrix is mainly determined by Nb content. Figure 2a
illustrates the variety of misfit (represented by vg and vg)
vs. Nb content. As shown in Fig. 2a, the misfit of lattice
has an approximate linear relationship with composition.
The |vg—vg| obtains maximum and minimum values, at
xnp = 0.08 and at xy, = 0.1518, respectively.

To simplify the calculation, the morphology of w par-
ticles was set as sphere in the model. The coherent strain
energy is calculated in 25 nm® system with the size of
athermal o particle being about 5 nm as usual. We set
eight particles for four variants in the calculation space,
and the particles are separated from one another. As
expressed in Eq. 4, the coherent elastic energy is
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Fig. 2 a The lattice misfit changes associated with the Nb content
which is expressed by Eqs. 12-14. b The calculation results of
coherent strain energy for different Nb contents

determined by the composition and particle size. For a
particular composition, the coherent strain energy has a
strict form as a linear function of the particle volume
(E., = K ). The calculation results are shown in Fig. 2b.
In the composition range, 0.08 < xxp < 0.18, the maxi-
mum coherent strain energy appears at xy, = 0.08, and the
minimum coherent strain energy appears at xy, = 0.1518.
When xynp, < 0.1518, the coherent elastic energy deceases
with increasing Nb content; when xyp, > 0.1518, the energy
increases with increasing Nb content. These results have
been confirmed by Grad and Aurelio [12, 15] who found
that the atoms of ® phase displaced slightly when Nb
content is as high as 0.15, which represents small misfit. On
the other hand, Sass and Borie noted that the athermal w
phase had the ideal structure in Zr-8%Nb alloy [16],
which represents complete collapse and larger misfit.
Furthermore, the coherent strain energy has corresponding
relationship with |vg—vg| as found from comparing Fig. 2a
and b.

The calculation of coherent elastic energy in isothermal
f — o transition

Depending on Aurelio’s work for aging Zr—Nb alloys, we
can acquire the variety of misfit with aging temperature and
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Fig. 3 a Relationship between misfit and temperature when
xnp = 0.2. b Relationship between misfit and composition when
T=573K

composition. The changes in misfit associated with tem-
perature and composition are shown in Fig. 3. It is apparent
from Fig. 3 that vg and vg have approximate linear rela-
tionship with aging temperature and composition. In
addition, vg is nearly seven times larger than vg. The
|[ve—vs| obtains minimum value at xxp = 0.147. From the
results thus obtained, it is clear that the misfit produced by
isothermal ® precipitation is larger than that caused
by athermal o particles, and it is especially more obvious
for high Nb content alloys. The difference maybe caused
by the reconstruction of lattice during aging process.

The coherent strain energy is calculated in 125 nm’
system as the isothermal o particle is much bigger than
athermal @ particle. We set eight separately spherical
particles for four variants in the calculation space as well.
The coherent strain energies produced by isothermal
precipitation for different temperatures and compositions
are shown in Fig. 4. The energy increases with rising
temperature (Fig. 4a). In Fig. 4b, the coherent elastic
energy exhibits first a decreased, and then an increased
regulation as well with increasing Nb content, and reaches
minimum at xnp = 0.147. Figures 3 and 4 demonstrate that
the coherent strain energy caused by isothermal o phase is
also mainly determined by |ve—vs|, although the role played
by vs is much smaller than that of vg. Owing to the increase
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Fig. 4 a The coherent strain energy at different temperatures when
xnb = 0.2. b The coherent strain energy at different compositions
when 7= 573 K

in misfit, the coherent elastic energy produced in isother-
mal  — o transition is much larger.

Anisotropy of elastic energy

In a cubic system, the elastic interaction energy depends on
Zener’s anisotropy factor, A = 2C44/(C1; — Cyp) [17, 18].
“A = 17 represents elastic isotropic condition. According
to Eq. 18, the elastic anisotropy factor (A) for Zr—Nb alloys
is depicted as a function of composition (Fig. 5). The
elastic anisotropy factor of Zr-Nb alloys decreases with
increasing Nb content and the factor A > 1 in the available
composition range. Therefore, the (100) directions are
elastically the softest, and the (111) directions are elasti-
cally the hardest [17]. The particle morphology is related to
the elastic energy and surface energy [19]. If the elastic
energy plays dominant role in f — o transition, then the
precipitates in cubic matrix tend to be quadrate. If the
surface energy is greater, then the particle shape is deter-
mined by the minimization of surface energy which is
anisotropic. It is clear from the calculation results that the
coherent strain energy produced by athermal w phase is
much smaller than that created by isothermal o phase.

3.2
28}
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5 20F I
8 |
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< 16k coherent E
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Fig. 5 The elastic anisotropy factor A of Zr-Nb alloys at various
compositions

Therefore, the athermal o phase tends to present ellipsoids
morphology. For isothermal o phase, different alloy sys-
tems have different morphologies depending on lattice
misfit. In small misfit systems (such as: Zr-Nb, Ti-Nb) the
morphologies of w particles exhibit ellipsoidal, while a
larger misfit (such as: Ti—V, Ti-Fe) will lead to cuboidal-
like morphologies [19].

Conclusions

In this study, the coherent elastic energies of Zr—Nb alloys
during athermal § — o transition and isothermal f — ®
transition were, respectively, calculated based on the
coherent strain matrixes and the definition of misfit. For
athermal f — o transition, the misfit of lattice has
approximately a linear relationship with composition. The
coherent elastic energy first decreases and then increases
with rising Nb content. The maximum and minimum val-
ues appear at xnp, = 0.08 and xn, = 0.1518, respectively.
For isothermal f§ — w transition, the misfit is related to
aging temperature and composition. The coherent elastic
energy monotone increases with rising temperature, while
it exhibits first decreased and then increased regulation as
well with increasing Nb content, and reaches minimum at
xnp = 0.147. Furthermore, the coherent elastic energy
produced in isothermal o transition is much larger than that
caused by athermal o transition duo to the lattice misfit
between wjy, and f§ being greater than the misfit between
W, and fB. In addition, the coherent elastic energy caused
by w precipitation is found to be an increasing function of
|[vg=vg| for the two kinds of transitions.
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